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Vanishing threshold uncertainties and prediction for proton decay in
non-supersymmetric E6 GUT with intermediate trinification symmetry
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We consider a class of non-supersymmetric E6 Grand Unified Theories (GUTs) with trinification
symmetry SU(3)C×SU(3)L×SU(3)R×D (D denoted as D-parity for discrete left-right symmetry)
at the highest intermediate scale and establish a useful theorem that the electroweak mixing angle
sin2 θW has vanishing contributions due to one-loop GUT threshold corrections arising from every
class of superheavy particles. This theorem can be extended to show that the one loop GUT
threshold correction vanishes at the intermediate mass scale MI due to the presence of the discrete
symmetry between the left and right handed Higgs fields. We quantify the effect of one loop GUT
threshold corrections at the intermediate mass scale MI and the unification mass scale MU for the
model. We observe that the modified MU , provides crucial predictions on proton lifetime which can
be verifiable within the foreseeable experiments.
I. INTRODUCTION
The discovery of Higgs boson at the Large Hadron Col-
lider (LHC)[1–3] in the recent past has revealed an in-
triguing consistency of experimental results with almost
all the predictions of Standard Model (SM), which is one
of the greatest treasures that the particle physics commu-
nity has been rich with. It holds the potential to explain
almost all that is known to the subatomic world: from
identifying the elementary particles to explaining all the
ways they can interact. Thus it enables us to under-
stand the complex structures of the nature including us,
from predicting new elementary particles to accurately
calculating their masses. Besides its phenomenological
success as a fundamental theory of particle physics, the
prediction of new interactions and particles such as Dark
Matter and sub-eV scale neutrinos along with its inabil-
ity to explain some theoretical questions like parity vi-
olations of weak interactions, baryon asymmetry of the
universe etc compels the particle physicists to accept the
SM as an effective low-energy approximation of a larger
Grand-Unified-Theory (GUT) or part of any other theory
operative at high scale.
Grand Unified Theories are believed to be the most el-
egant theoretical frameworks aiming to unify the funda-
mental forces like strong, weak and the electromagnetic
interactions and are associated with a single gauge cou-
pling gG corresponding to the gauge group G at some
high energy scale MG . However it is observed that all
GUTs, without supersymmetry (SUSY) and without an
intermediate symmetry, fail to unify the three gauge cou-
plings of the SM. With one or more intermediate symme-
tries, although the gauge unification is possible, it may
not always comply with the present proton decay con-
straint which is believed to be a key prediction of most
GUTs. Thus, in order to ensure favourable unification
one has to rely on the possibilities, i.e either by intro-
ducing supersymmetry[4] in the GUT model or by modi-
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fying the coupling constants through non-renormalisable
operators [5, 6] (which induces gravitational correction)
or through the threshold effect [7–12] at the symmetry
breaking scale. However most GUTs, without supersym-
metry and with threshold effects seem to be more plau-
sible to deal with these issues due to the following rea-
sons. Since so far no hints of supersymmetric particles
are experimentally observed, there is an urge for non-
supersymmetric GUTs like SU(5) [13], SO(10)[14, 15],
E6[16–18] etc. Although the second option through grav-
itational effect is viable, but in the absence of specific
knowledge about its origin in the GUTmodel, it is tempt-
ing to revive possible non-supersymmetric GUTs with
GUT threshold effects for predictions of proton decay
and other phenomenological output.
In the present paper, we consider threshold effects
in a non-SUSY Grand Unified E6 model (which obvi-
ously captures the successes of other GUTs like SU(5)
and SO(10) etc) with intermediate trinification symme-
try SU(3)C × SU(3)L × SU(3)R[18, 19] invoked with
D-parity [20, 21] unlike the conventional GUT models,
where for simplicity, the superheavy fields are assumed
to be exactly degenerate with the symmetry breaking
scales. It has been shown in a recent work [22] that the
electroweak mixing angle sin2 θW and the intermediate
mass scale MI have vanishing contributions due to one
loop, two loop as well as gravitational corrections arising
from mass scales greater than the intermediate symme-
try breaking scale MI valid for all class of GUTs includ-
ing E6 GUT with trinification symmetry. In the present
work, we intend to establish another remarkable prop-
erty that GUT threshold corrections(arising out of su-
perheavy scalars, fermions and gauge bosons) for sin2 θW
andMI , identically vanish. In this context, a general the-
orem has been proposed for vanishing of the threshold
contributions for the electroweak mixing angle sin2 θW
and the intermediate mass scale. It is observed that the
additional particles like exotic color fermions, vector-like
lepton doublets and two neutral fermions contained in
the fundamental representation of E6 GUT along with
the threshold corrections, ensure successful gauge cou-
pling unification, in tune with the present experimental
limit of proton decay lifetime.
The paper is organized as follows. The next section is
2devoted to the model building. In section-III, we discuss
the gauge coupling evoution of the associated gauge cou-
plings with appropriate threshold corrections. The sub-
sequent section is aimed to establish a generalised theo-
rem (along with its proof), for vanishing of the threshold
contributions to the electroweak mixing angle and the in-
termediate mass scale. In Sections-V and VI, numerical
estimation of the mass scalesMI ,MU and the GUT cou-
pling costant αG and the proton decay lifetime are done
with specific choice of threshold masses in tune with the
experimental constraint. The last section is devoted to
concluding remarks on the phenomenological viability of
the model.
II. THE MODEL FRAMEWORK
We briefly discuss here the non-supersymmetric E6
Grand Unified Theory (GUT) with one intermediate
trinification symmetry SU(3)C⊗SU(3)L⊗SU(3)R. Due
to the presence of SU(N)L ⊗ SU(N)R (here N = 3 for
trinification symmetry) structure, there are possibility of
two different scenarios of symmetry breaking chain–one
with D-parity conserved and other with D-parity broken.
Here we focus only on the trinification symmetry with D-
parity, given as ,
E6
MU
−→ SU(3)C ⊗ SU(3)L ⊗ SU(3)R ⊗D(G333D)
MI
−→ SU(3)C ⊗ SU(2)L ⊗ U(1)Y (G321)
MZ
−→ SU(3)C ⊗ U(1)Q(G31) (1)
Here D-parity stands for discrete left-right symmetry [14,
20, 21, 23–25] which acts mostly on Higgs fields ensur-
ing equal coupling between g3L and g3R corresponding
to SU(3)L and SU(3)R symmetry. Below this D-parity
breaking scale, the asymmetry in the Higgs sector gives
different contributions to the beta function of Renor-
malization Group Equations(RGEs) and thereby, yields
asymmetry in the gauge couplings.
The first step of spontaneous symmetry breaking in
eqn.(1) from E6 GUT to G333D–is achieved by giving a
GUT scale VEV to D-parity even singlet scalar (1, 1, 1)
contained in 650H ⊂ E6 leading to g3L = g3R. The
next stage of spontaneous symmetry breaking i.e from
G333D → GSM is done by assigning a non-zero VEV to
the neutral component of trinification multiplet (1, 3, 3)
of 27H and (1, 8, 8) of 650H of E6 . It has been shown
that, the minimal Higgs (1, 3, 3) ⊂ 27H is not enough for
proper gauge coupling unification (which comes out to
be the scale beyond Planck energy)[22]. So we need to
introduce (1, 8, 8) ⊂ 650H in the present model to ensure
viable unification. The last stage of symmetry breaking
i.e SM to low energy theory (G31) is done by assign-
ing a non-zero VEV to SM Higgs doublet contained in
27H ⊂ E6 . We follow the “Extended Survival Hypothe-
sis” for Higgs scalars responsible for spontaneous symme-
try breaking and their contributions to RGEs by deriving
one-loop beta functions along with one loop GUT thresh-
old corrections in the following discussion.
III. GAUGE COUPLING EVOLUTION
Here we use the standard Renormalization Group
Equations (RGEs)[26] to obtain the evolution of the
gauge coupling gi for different range of mass scale corre-
sponding to the channel in eqn.(1). The one-loop solution
to the standard RGE for the inverse coupling constant
valid for µ−M (M can be of any scale > µ)
1
αi(µ)
=
1
αi(M)
+
bi
2pi
ln
(
M
µ
)
(2)
Here, αi = g
2
i /(4pi) and bi is the one loop beta coeffi-
cients in the mass range µ−M . In the present model, we
include the GUT threshold effect in the above solution
which is explicitly shown below. For different range of
mass scale, we have the solutions:
(i) Between the mass scale MZ to MI :-
α−1i (MZ) = α
−1
i (MI) +
bi
2pi
ln
(
MI
MZ
)
(3)
with i = 3C, 2L, 1Y and bi (i=3C,2L,1Y) are one-loop
beta coefficients within mass rangeMZ −MI . We ignore
here the threshold correction at intermediate mass scale
MI .
(ii) Between the mass scale MI to MU :-
The analytic formula for one-loop RGEs including GUT
threshold corrections between mass scalesMI andMU is
given by
α−1i (MI) = α
−1
G (MU ) +
b′i
2pi
ln
(
MU
MI
)
−
λUi
12pi
(4)
where i = 3C, 3L, 3R. Here b′i (i=3C,3L,3R) are one-loop
beta coefficients within the mass range MI −MU ,
Here we use the modified matching condition due to GUT
threshold effects [7], given by,
α−1i (MU ) = α
−1
G (MU )−
λUi
12pi
where α−1G is the inverse GUT coupling constant and λ
U
i
is the GUT threshold contributions.
Here it is to be noted that physically threshold effects
arise from the modification of light gauge boson prop-
agator in the effective theory due to superheavy gauge
bosons, scalars and fermions in the loop. In the present
model, threshold effect λUi arises due to the superheavy
fields around MU . The general expression for λ
U
i is ex-
plicitly written in the appendix (B1). For simplicity, we
have assumed that the superheavy gauge bosons have de-
generate mass with that of GUT scale symmetry breaking
and there is no superheavy fermions in the model. Thus
referring to eqn.(B1), the modified one-loop GUT thresh-
old corrections at MU for the present model is given by
λUi = Tr
(
t2iV
)
+ 2Tr
(
t2iS ln
MUS
MU
)
(5)
In eqn.(5), the first term is due to superheavy gauge
bosons and the second term is due to superheavy scalars.
3Here tiV and tiS denote the generators of the superheavy
vector gauge bosons as well as scalars, respectively, under
the gauge group Gi(i = 3C, 3L, 3R). Further M
U
S is the
degenerate mass of superheavy scalars (the detail will be
discussed in section-(V)).
Now using the standard procedure, we obtain the two
simultaneous equations for the parametersMI (the inter-
mediate mass scale) andMU (the unification mass scale)
using GUT threshold effects, given as
AI ln
(
MI
MZ
)
+AU ln
(
MU
MZ
)
=DS − Jλ (6)
BI ln
(
MI
MZ
)
+BU ln
(
MU
MZ
)
=DW −Kλ (7)
Here the parameters AI , AU , BI and BU correspond to
the one-loop effects. Similarly, the parameters Jλ and
Kλ correspond to the threshold effects.
AI =
[(
8b3C − 3b2L − 5bY
)
−
(
8b′3C − 4b
′
3L − 4b
′
3R
)]
(8)
AU = 4
(
2b′3C − b
′
3L − b
′
3R
)
(9)
DS = 16pi
[
α−1S (MZ)−
3
8
α−1em(MZ)
]
(10)
Jλ =
2
3
(
λU3L +λ
U
3R − 2λ
U
3C
)
(11)
BI =
[
5
(
b2L − bY
)
− 4
(
b′3L − b
′
3R
)]
(12)
BU = 4
(
b′3L − b
′
3R
)
(13)
DW = 16piα
−1
em(MZ)
[
sin2 θW −
3
8
]
(14)
Kλ =
2
3
(
λU3R −λ
U
3L
)
. (15)
Now solving the equations (6) and (7), we obtain the an-
alytic formula for the intermediate mass scale and unifi-
cation mass scale.
ln
(
MI
MZ
)
=
BUDS −AUDW
BUAI −BIAU
+
AUKλ −BUJλ
BUAI −BIAU
= ln
(
MI
MZ
)
1−loop
+∆ln
(
MI
MZ
)
GUT−Th.
(16)
ln
(
MU
MZ
)
=
AIDW −BIDS
BUAI −BIAU
+
BIJλ −AIKλ
BUAI −BIAU
= ln
(
MU
MZ
)
1−loop
+∆ln
(
MU
MZ
)
GUT−Th.
(17)
Further we note that, the inverse GUT coupling constant
α−1G can also be obtained using the eqn.(A9).
α−1G =
3
8
[
α−1em(MZ)−
CI
2pi
ln
(
MI
MZ
)
−
CU
2pi
ln
(
MU
MZ
)]
1−loop
+
3
8
[
−
CI
2pi
∆ln
(
MI
MZ
)
−
CU
2pi
∆ln
(
MU
MZ
)
+Fλ
]
GUT−Th.
= (α−1G )1−loop +∆(α
−1
G )GUT−Th. (18)
The parameters CI , CU contain one-loop effect and Fλ
contains the threshold contribution, given as,
Fλ =
1
12π
[(4
3
λU3L +
4
3
λU3R
)]
(19)
CI =
[(
5
3
bY + b2L
)
−
(
4
3
b′3L +
4
3
b′3R
)]
(20)
CU =
4
3
(
b′3L + b
′
3R
)
(21)
In the next section, we propose a general theorem corre-
sponding to the electroweak mixing angle sin2 θW and the
intermediate mass scale MI .
IV. USEFUL THEOREM FOR sin2 θW AND MI
Theorem 1
Within a class of non-supersymmetric grand unified theo-
ries (GUTs) with trinification symmetry SU(3)C ⊗SU(3)L⊗
SU(3)R ⊗D as the highest intermediate step, the electroweak
mixing angle sin2 θW and the intermediate trinification sym-
metry breaking scale (MI) have vanishing contributions due to
one-loop GUT threshold effects (due to presence of superheavy
scalars, fermions and gauge bosons) arising from mass scales
greater than the intermediate mass MI.
Now in order to prove the above theorem we use the
standard procedure (referring eqn.(A3)) to obtain the analyt-
ical formula for sin2 θW due to one-loop GUT threshold effect.
Analytical proof for sin2 θW :-
The formula for the electroweak mixing angle sin2 θW in
terms of one-loop beta functions and one loop GUT threshold
effects is given by
sin2 θW =
1
AU
[3
8
AU +
(
αem
αs
− 3
8
)
BU
+
αem (AUBI −AIBU )
16π
ln
(
MI
MZ
)]
+
1
AU
[αem (AUKλ −BUJλ)
16π
]
(22)
Here the one-loop parameters AI , BI , AU , BU ,Kλ ,Jλ are
already defined in the previous section.
It has been shown [22] that sin2 θW has vanishing contribu-
tion due to one-loop effects as expressed in the first square
bracketted term of eqn.(22). In the present work, we focus
to the second term containing Kλ and Jλ corresponding to
the threshold correction.
The one-loop GUT threshold contributions to the elec-
troweak mixing angle sin2 θW is obviously expressed as,
∆
(
sin2 θW
)
GUT−Th.
=
1
AU
[αem (AUKλ −BUJλ)
16π
]
(23)
4where Jλ and Kλ are defined in the eqn. (11) and eqn(15 ),
respectively. In a class of GUT with trinification symmetry
invoked with D-parity as the highest intermediate symmetry,
the parameters BU and Kλ as appeared in eqns.(13) and
(15) identically vanish due to the following reason. Since
BU = 4(b
′
3L − b′3R) = 0 for b′3L = b′3R . This is due to
the left-right symmetric Higgs used for conserved D-parity.
Similarly, Kλ =
2
3
(
λU3R −λU3L
)
= 0 for λU3R = λ
U
3L as a
result of D-parity. Even though the factor Jλ and AU are
non-vanishing, the expression for ∆
(
sin2 θW
)
GUT−Th.
(given
in eqn.(23)) gives zero threshold contributions. Hence,
we prove that the electroweak mixing angle sin2 θW has
vanishing contributions from one-loop GUT threhsold effects
emerging from mass scale µ > MI.
Analytical proof for intermediate mass scale MI:-
The analytic formula for intermediate mass scale MI due to
one-loop effects as well as GUT threshold effects is given by
ln
(
MI
MZ
)
= ln
(
MI
MZ
)
1−loop
+∆ln
(
MI
MZ
)
GUT−Th.
where
ln
(
MI
MZ
)
1−loop
=
BUDS − AUDW
BUAI −BIAU (24)
∆ln
(
MI
MZ
)
GUT−Th.
=
AUKλ −BUJλ
BUAI −BIAU (25)
as in eqn.(16). Here we focus on the threshold contributions
in order to prove the theorem.
Here the numerator of eqn.(25) vanishes identically as BU = 0
and Kλ = 0 as shown in the proof for sin
2 θW . Thus, the
proof of the theorem for the intermediate mass scale MI is
automatically established. Here, it is noteworthy to mention
that the vanishing of the threshold uncertainty of sin2 θW and
the intermediate mass scale MI are solely due to (i) the inter-
mediate trinification symmetry invoked with D-parity G333D ,
(ii) the key matching condition between the gauge couplings,
i.e., α−1Y (MI) =
1
5
α−13L (MI) +
4
5
α−13R(MI) .
In the subsequent section, we shall estimate the values of MI
and sin2 θW in the non-susy E6 model to show the numerical
proof.
V. MODEL PREDICTIONS FOR THE MASS
SCALES AND THE GUT COUPLING
CONSTANT
In our earlier discussion we have established the theorem
with analytical proof for vanishing threshold contributions to
sin2 θW and MI within a class of non-SUSY E6 GUT with
intermediate trinification symmetry invoked with conserved
D-parity. Now including the threshold effects we estimate nu-
merically the intermediate mass scaleMI and the electroweak
mixing angle sin2 θW in the present model for a numerical
proof. Further we calculate MU (the unification mass scale)
and the inverse GUT scale coupling constant α−1G for predic-
tion of the proton decay.
Now we give the one-loop beta coefficients corresponding to
the Higgs fields used in the model in Table I. Using the one-
loop beta coefficients and the parameters Jλ and Kλ (from
eqns. (11) and (15)) in eqns.(23) and (25), we have the thresh-
old uncertainties of electroweak mixing angle sin2 θW and the
intermediate mass scale MI , given as
∆ sin2 θW =
αem
24π
[
λU3R − λU3L
]
(26)
Group Range of masses Higgs Content bi values
G321 MZ −MI φ(1, 2,− 1
2
)27

b3C = −7b2L = −196
bY =
41
10


G333 MI −MU φ1(1, 3, 3)27
Σ1(1, 8, 8)650

b
′
3C = −5
b′3L =
7
2
b′3R =
7
2


TABLE I: Higgs fields and one-loop beta coefficients for dif-
ferent range of masses
.
∆ln
(
MI
MZ
)
=
2
109
[
λU3R −λU3L
]
(27)
which obviously vanish for λU3R = λ
U
3L . Thus, sin
2 θW and MI
remain unaffected by the threshold contributions at the MU .
Similarly the uncertainty of the unification mass scale MU
and the inverse GUT coupling constant α−1G can be obtained
as,
∆ln
(
MU
MZ
)
=
1
51
[
λU3R −λU3C
]
(28)
∆α−1G =
1
204π
[
10λU3R + 7λ
U
3C
]
(29)
For numerical proof of the theorem, we include the GUT
threshold contributions λUi for i = 3C, 3L, 3R. The super-
heavy components(fermions, scalars and vector bosons) used
in our calcualtion transforms under trinification symmetry as,
27F ⊃ No superheavy fermions
27H ⊃ Φ2(3, 3, 1),Φ3(3, 1, 3)
650H ⊃ Σ2(1, 1, 1),Σ3(1, 8, 1),Σ4(1, 1, 8),Σ5(8, 1, 1)
Σ6(3, 3, 3),Σ7(3, 3, 3),Σ8(3, 3, 3)
Σ9(3, 3, 3),Σ10(3, 6, 3),Σ11(3, 3, 6)
Σ12(3, 6, 3),Σ13(3, 3, 6),Σ14(6, 3, 3)
Σ15(6, 3, 3),Σ16(8, 1, 8),Σ17(8, 8, 1)
78V ⊃ V1(3, 3, 3), V2(3, 3, 3) (30)
The explicit expression for the GUT threshold contributions
has been written in the appendix by using Table (V) and
eqns.(B2), (B3), (B4).
We obtain λUi (i = 3C, 3L, 3R), given by
λU3C = 9 + 306η
U
S
λU3L = 9 + 255η
U
S
λU3R = 9 + 255η
U
S (31)
where ηUS = lnX, with X =
MUS
MU
. Using eqn.(31) in eqns.(26-
29), we have
∆ sin2 θW = 0
∆ln
(
MI
MZ
)
= 0
∆ln
(
MU
MZ
)
= −ηUS
∆α−1G =
1
4π
[
3 + 92ηUS
]
(32)
Here we assume that all superheavy scalars have degenerate
mass MUS . Now using the specific choice of the X (
1
20
≤ X ≤
1
2
) the values of MI , MU , α
−1
G can be calculated by using
5the experimental measured value of parameters α−1S , sin
2 θW ,
α−1em andMZ [? ]. For numerical calcualtion we use eqns.(16),
(17), (18) and (22).
X ηUS MI (GeV) MU (GeV) α
−1
G sin
2 θW
1 0 1013.007 1014.81 40.1059 0.23129
1
2
−0.693 1013.007 1015.11 35.2711 0.23129
1
10
−2.303 1013.007 1015.80 23.484 0.23129
1
20
−2.996 1013.007 1016.11 18.4105 0.23129
TABLE II: Numerical results for MI , MU , α
−1
G and sin
2 θW
with different ranges of X.
Here in the above table the choice X = 1 corresponds to
no threshold effects as mass of these superheavy fields are de-
generate with GUT scale i.e, MUS = MU . We can see from
the above table that the value of the intermediate mass scale
MI and electroweak mixing angle sin
2 θW remain unaffected
by threshold corrections which automatically proves the the-
orem. However the unification mass scale MU increases with
it and the inverse GUT coupling constant α−1G decreases. We
note here that the threshold contributions at the intermedi-
ate mass scale MI may affect the mass scales MI and MU as
well as sin2 θW , α
−1
G . We discuss explicitly the corresponding
threshold corrections λIi (i = 3C, 2L, 1Y ) in eqns. (B8) and
(B9). Now considering the corrections both at MU and MI ,
the threshold uncertainties are given as
∆ sin2 θW =
αem
48π
[
5 + ηIS
]
(33)
∆ln
(
MI
MZ
)
=
1
109
[
5 + ηIS
]
(34)
∆ln
(
MU
MZ
)
=
1
1853
[
83 + 82ηIS − 1853ηUS
]
(35)
∆α−1G =
1
22236π
[
20187 + 2664ηIS + 14824η
I
F
+511428ηUS
]
(36)
where ηIS = ln
MIS
MI
and ηIF = ln
MIF
MI
. AlsoMIS and M
I
F denote
the mass of superheavy scalars and fermions, respectively,
around the intermediate scale MI . For the specific choice of
MIS , M
I
F and M
U
S presented in Table.(III), the threshold un-
certainties for the electroweak mixing angle sin2 θW and MI
are very much suppressed. However, with the above choice,
the predicted MU (α
−1
G ) is clearly in agreement with the vi-
able phenomenology.
ηIS η
I
F η
U
S MI (GeV) MU (GeV) α
−1
G sin
2 θW
0 0 0 1013.00774 1014.81 40.1059 0.23129
−5.075 −2.303 −0.693 1013.00744 1015.03 34.6391 0.231286
−5.165 −1.609 −2.303 1013.00709 1015.73 22.9959 0.231281
−5.010 −0.693 −2.996 1013.00770 1016.03 18.1226 0.231289
TABLE III: Numerically estimated values for MI , MU , α
−1
G
and sin2 θW by considering one loop threshold effects both at
MI and MU with different choices of η
I
S , η
I
F and η
U
S .
.
VI. PREDICTIONS ON PROTON DECAY
WITH GUT THRESHOLD EFFECTS
We aim to calculate the proton decay lifetime with and
without one loop GUT threshold effects and wish to exam-
ine how the model predictions are closer or farther from the
current experimental limit set by the present experiments.
It is mediated mostly by the exchange of lepto-quark gauge
bosons, which gives baryon and lepton number violation simu-
lataneously. These lepto-quark gauge bosons are getting their
masses through spontaneous symmetry breaking with scale
VEV around mass scaleMU . That is the reason why one loop
GUT threshold effects are particularly important which mod-
ifies the mass scale MU and the GUT coupling constant αG
leading to important prediction for proton decay lifetime. We
wish to estimate the RGE effects of this effective dimension-6
operators using Standard Model fermions till the unification
scale using the relevant anomalous dimensions.
The dimensional-6 effective operators which can induce
proton decay within trinification symmetry with fermions
transforming under SU(3)C × SU(3)L × SU(3)R as L ≡
(1, 3, 3), Q ≡ (3, 3, 1), QC ≡ (3, 1, 3) is given below,
Od=6L (eC , d) ⊂
(
QCγµQ
) (
LγµQ
)
Od=6R (e, dC) ⊂
(
QCγµQ
)(
QCγµL
)
(37)
While the dimension-6 effective operator generating proton
decay in terms of Standard Model fermions is as follows,
Od=6L (eC , d) ⊂ C1ǫijkuCi γµuj eCγµdk
Od=6R (e, dC) ⊂ C2ǫijkuCi γµuj dCk γµe (38)
with their respectively Wilson coefficients C1,2.
The master formula for the inverse of proton decay width
for the gauge-induced dimension-6 proton decay in the chain
p→ e+π0 (as discussed in refs. [9–11, 27–33]) is given by
τp = Γ
−1
(
p→ π0e+) = 64πf2pi
mp
(
M4U
g4G
)
× 1|AL|2|αH |2 (1 + F +D)2R
(39)
where the representative set of parameters are defined as fol-
lows,
• AL is the long distance enhancement factor which is
estimated from the RG evolution from the proton mass
scale (mp ≃ 1GeV) to the electroweak scale (MZ).
This enhancement factor below SM for the effective
dimension-6 operator is expressed as,
AL =
[
αs(1 GeV)
αs(mt)
]− 4
2·(−11+ 23 nf) ,
where, nf denotes the number of quark flavors at a
given energy scale. Here we have neglected the effects
arising from α2L and αY since their contributions are
very much suppressed as compared to the strong cou-
pling effect αs. More explicitly, the enhancement factor
(as derived in refs [33, 34]) can be expressed as,
AL =
[
αs(1 GeV)
αs(mc)
]2/9[
αs(mc)
αs(mb)
]6/25[
αs(mb)
αs(mt)
]6/23
≃ 1.25 .
• R is the renormalization factor which can be expressed
as,
6R =
[ (ASL2 +ASR2) (1 + |Vud|2)2
]
, (40)
where, Vud = 0.974 is the (1, 1) element of VCKM mix-
ing matrix and ASL(ASR) is the short-distance renor-
malization factor in the left (right) sectors derived by
calculating the RGE effects from unification scale to
electroweak scale.
The short distance renormalization factor ASL(R)–both
for left as well as right-handed effective dimension-6
operator– derived in the presence of all possible inter-
mediate scales and is a model dependent factor as,
ASL(R) =A333DSL(R) · A213SL(R) (41)
where,
A333DSL(R) =
(
α−1i (MI)
α−1i (MU )
) γ′L(R)i
b′
i
, i=3C,3L,3R ;
A213SL(R) =
(
α−1i (MZ)
α−1i (MI)
) γL(R)i
bi
i=2L, 1Y, 3C . (42)
Here αi = g
2
i /4π is the fine structure constant for gauge
group Gi. Further γL(R)i’s (γ
′
L(R)i’s) are the anomalous
dimensions [10, 11, 33, 34] given by
ForG3C2L1Y ,
{
γL(MZ) =
(
2, 9
4
, 23
20
)
γR(MZ) =
(
2, 9
4
, 11
20
)
For G3C3L3R ,
{
γ′L(MI) = (2, 2, 4)
γ′R(MI) = (2, 4, 2)
and bi = (−7,−19/6, 41/10) (b′i = (−5, 7/2, 7/2)) are
the one loop beta coefficients at different stage of RGEs
from MZ −MI (MI −MU ), respectively, presented in
the Table I.
• Other parameters are taken from refs [9, 34] as D =
0.81, F = 0.47, fpi = 139 MeV and mp = 938.3 MeV.
Redefining αH = αH (1 + F +D) = 0.012 GeV3 and A2R ≃
A2L
(
A2SL +A
2
SR
)
, the modified expression for proton life time
can be expressed as,
τp→pi0e+ =
4
π
(
f2pi
mp
)(
M4U
α2G
)
1
α2HA
2
R (1 + |Vud|2)2
(43)
The precision gauge coupling unification by solving RGEs
for gauge coupling constants and without taking into account
threshold effects gives unification mass scale and inverse GUT
coupling constant as,
MU = 10
14.81 GeV and α−1G = 40.1059.
Using the numerical values of short distance renormaliza-
tion factors for both the effective dimension-6 operators as
ASL = 2.46 and ASR = 2.34, the estimated proton life
time for the present scenario (without threshold effects) is
τp = 1.55 × 1031 yrs. This prediction is well below the cur-
rent Super-Kamiokande experiment which sets bound on the
proton lifetime for p → e+π0 channel is τp(p → e+π0) >
1.6× 1034 yrs [35] while it can be accessible to future planned
experiments that can reach a bound [36, 37]
τp(p→ e+π0)
∣∣
HK,2025
> 9.0× 1034 yrs
τp(p→ e+π0)
∣∣
HK,2040
> 2.0× 1035 yrs (44)
X MU (GeV) α
−1
G τ p
1 1014.81 40.1059 1.55× 1031yrs
1
2
1015.11 35.2711 1.90× 1032yrs
1
10
1015.80 23.484 4.86× 1034yrs
1
20
1016.11 18.4105 5.19× 1035yrs
TABLE IV: Estimated values for unification mass MU , in-
verse GUT coupling constant, α−1G and the predicted value of
proton lifetime τp by taking with and without one loop GUT
threshold effects. In the last column, the bold face values
for proton lifetime are in agreement with the limit set by the
present Super-Kamiokande experiment.
It is now important to include the GUT threshold effects–
arising from superheavy mass scales (scalars, fermions and
gauge bosons whose masses differ from GUT scale VEV)–
for calculating the proton decay lifetime. The modified val-
ues of the unification mass scale and inverse GUT coupling
constant, are given in previous section(TableII). Now using
MU and α
−1
G , corresponding to specific choice of superheavy
masses (MUS ), we calculate the proton decay lifetime τp (us-
ing eqn. (43)). The predicted value of τp are given in Ta-
ble IV. It is found that the estimated proton life time τp as,
4.86× 1034yrs (5.19× 1035yrs ) using the GUT threshold
corrected values of, MU = 10
15.80 GeV (MU = 10
16.11 GeV)
as well as the corresponding inverse GUT coupling constants
α−1G , is consistent with the Super-Kamiokande experiments.
The above result is obtained with specific masses for super-
heavy fields which differ from GUT symmetry breaking scale
by 1/10 (1/20), respectively.
VII. CONCLUSION
We have computed the one loop GUT threshold uncertain-
ties for the electroweak mixing angle sin2 θW , intermediate
mass scale MI , unification mass scale MU and inverse GUT
coupling constant α−1G within a class of nonsupersymmetric
E6 Grand Unified Theory with D-parity conserving trinifica-
tion symmetry SU(3)C⊗SU(3)L⊗SU(3)R⊗D. The purpose
of the paper is two fold: i.e. proposing a general theorem for
threshold uncertainty and investigating the effect on proton
decay prediction. First we establish a useful theorem with
robust proof that all one loop GUT threshold uncertainties
vanish for the electroweak mixing angle sin2 θW and interme-
diate mass scale MI arising from superheavy fields (scalars
or fermions or gauge bosons sitting around GUT scale) at
scale µ > MI . The generalised theorem is very crucial in or-
der to ensure the stability of sin2 θW and MI for consistent
theoretical prediction of phenomenological observables. The
origin behind these vanishing contributions, is primarily be-
cause of (a) Grand Unified Theories accommodating D-parity
conserving trinification symmetry, (b) the key matching con-
dition between the gauge couplings, α−1Y (MI) =
1
5
α−13L (MI)+
4
5
α−13R(MI) . Even with the conservative estimation–with the
unification mass scale and inverse GUT coupling constant,
MU = 10
14.81 GeV and α−1G = 40.1059– the predicted pro-
ton lifetime without considering GUT threshold effects are
well below the current Super-Kamiokande experiment which
sets bound on the proton lifetime for p → e+π0 channel is
τp(p → e+π0) > 1.6 × 1034 yrs [35]. In order to circumvent
the problem, one loop GUT threshold effect has been included
in the model, which resulted modification in the unification
mass scales, MU = 10
15.80 GeV (MU = 10
16.11 GeV). The
above estimation is with the specific choice of masses for su-
7perheavy scalars which are few times lighter (10, 20 respec-
tively) than the GUT scaleMU .The estimated proton lifetime
τp as, 4.86× 1034yrs (5.19× 1035yrs ), respectively, is con-
sistent with the Super-Kamiokande experiments. For com-
pleteness, we have also examined the threshold contribution
around the intermediate mass scale MI , which shows that the
threshold uncertainty for sin2 θW and MI are very much sup-
pressed (nearly vanishing) when superheavy mass of scalars
are 150 times lighter than MI . It is nice to observe that, with
this choice, unification mass MU still complies with proton
decay constraint. Thus the present model provides an impor-
tant window of opportunity for the Exceptional group E6 as
an attractive unification model.
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Appendix A: Analytical expressions for mass scales
Here we aim to derive all the necessary analytical formulas
which have been used in the text for proof of the theorem
as well as for prediction of the proton decay lifetime with
threshold corrections. The symmetry breaking channel con-
sider here is given by,
E6
MU−→G333D MI−→GSM MZ−→G31, (A1)
Now using the evolution equations for the gauge couplings
between the mass scale MZ −MI and MI −MU (as noted in
eqn.(3) and (4) of the text), we obtain the following relations,
α−13C (MZ) = α
−1
G +
b3C
2π
ln
(
MI
MZ
)
+
b′3C
2π
ln
(
MU
MI
)
− λ
U
3C
12π
α−12L (MZ) = α
−1
G +
b2L
2π
ln
(
MI
MZ
)
+
b′3L
2π
ln
(
MU
MI
)
− λ
U
3L
12π
α−1Y (MZ) = α
−1
G +
bY
2π
ln
(
MI
MZ
)
+
1
5
b′3L +
4
5
b′3R
2π
ln
(
MU
MI
)
−
(
1
5
λU3L +
4
5
λU3R
12π
)
(A2)
We use the following two key relations in order to find the
analytical expression for MI , MU , sin
2 θW along with inverse
GUT coupling constant α−1G by taking the threshold contri-
butions,
8
(
α−1S −
3
8
α−1em
)
= 8α−13C (MZ)− 3α−12L (MZ)− 5α−1Y (MZ)
α−1em
(
sin2 θW − 3
8
)
=
5
8
(
α−12L (MZ)− α−1Y (MZ)
)
(A3)
Using relations given in (A2) in eqn.(A3) one can deduce
the expression for MI and MU in terms of one loop beta
coefficients as well as one loop threshold effects as follows:
AI ln
(
MI
MZ
)
+ AU ln
(
MU
MZ
)
=DS − Jλ (A4)
BI ln
(
MI
MZ
)
+BU ln
(
MU
MZ
)
=DW −Kλ (A5)
where the relevant parameters have already been defined in
the text. Now solving equations (A4) and (A5), we obtain
the following analytic formulas for intermediate mass scale
MI , unification scale MU , electroweak mixing angle sin
2 θW
as,
ln
(
MI
MZ
)
=
BUDS − AUDW
BUAI −BIAU +
AUKλ −BUJλ
BUAI −BIAU
= ln
(
MI
MZ
)
1−loop
+∆ln
(
MI
MZ
)
GUT−Th.
(A6)
ln
(
MU
MZ
)
=
AIDW −BIDS
BUAI −BIAU +
BIJλ − AIKλ
BUAI −BIAU
= ln
(
MU
MZ
)
1−loop
+∆ln
(
MU
MZ
)
GUT−Th.
(A7)
sin2 θW =
1
AU
[3
8
AU +
(
αem
αs
− 3
8
)
BU
+
αem (AUBI − AIBU )
16π
ln
(
MI
MZ
)]
1−loop
+
1
AU
[αem (AUKλ −BUJλ)
16π
]
GUT−Th.
= (sin2 θW )1−loop +∆(sin
2 θW )GUT−Th. (A8)
In order to derive the inverse GUT coupling constant α−1G
due to one loop threshold effects, we use the following relation,
α−1em(MZ) =
5
3
α−1Y (MZ) + α
−1
2L (MZ) (A9)
which results,
α−1G =
3
8
[
α−1em(MZ)− CI2π ln
(
MI
MZ
)
− CU
2π
ln
(
MU
MZ
)]
1−loop
+
3
8
[
− CI
2π
∆ln
(
MI
MZ
)
− CU
2π
∆ln
(
MU
MZ
)
+Fλ
]
GUT−Th.
= (α−1G )1−loop +∆(α
−1
G )GUT−Th. (A10)
Appendix B: Analytic formula for Threshold Effects
The general expression for one-loop threshold corrections
for GUT model is given by
λi(µ) = Tr
(
t2iV
)
− 21Tr
[
t2iV ln
(
MV
µ
)]
+2kTr
[
t2iS ln
(
MS
µ
)]
+ 8κTr
[
t2iF ln
(
MF
µ
)]
(B1)
In eqn.(B1), the first two terms represent threshold effects due
to superheavy gauge bosons, the third term is the threshold
effects due to superheavy scalars while the fourth term ac-
counts for threshold effects due to superheavy fermions. And
tiV , tiS and tiF are denoting generators of the superheavy
vector gauge bosons, scalars and fermions, respectively, un-
der the gauge group Gj . Here k =
1
2
(= 1) for real scalar
fields (for complex scalar fields) while κ = 1
2
(= 1) is for Weyl
fermions (for Dirac fermions) in the last term of eqn.(B1).
The notations MV , MS and MF in eqn.(B1) are the masses
of the superheavy vector gauge bosons, scalars and fermions
respectively. It may be noted that the superheavy fields with
masses around the symmetry breaking scale contribute to the
threshold corrections. Here the mass scale µ = MI ,MU . In
the Table below we show the specific fields contributing to
one-loop beta function (with bold letter) and the remaining
8fields contribute to the threshold corrections as per the “Ex-
tended Survival Hypothesis”. We assume that, all the stan-
dard model fermions alongwith the exotic fermions belonging
from 27F remains light and contribute to the one-loop beta
function for µ =MI −MU .
Before deriving one loop threshold corrections for the
present work, the following assumptions are made,
• All the vector gauge bosons have degenerate mass at
the unification mass scale and their masses are same as
the GUT scale symmetry breaking. Thus, the second
term in eqn.(B1) vanishes completely.
• Since all the SM fermions that contained in QL, QR and
L of trinification symmetry belonging to 27 fundamen-
tal representation of E6 remain light and thus, there
are no superheavy fermions present in our model. As a
result of this, the last term of eqn.(B1) vanishes com-
pletely if we take the threshold effects at the unification
mass scale MU only.
The one loop threshold corrections at GUT symmetry break-
ing scale (or at MU ) are given by
λU3C = 9 + 3ηφ2 + 3ηφ3 + 6ηΣ5 + 9ηΣ6
+9ηΣ7 + 9ηΣ8 + 9ηΣ9 + 18ηΣ10 + 18ηΣ11 + 18ηΣ12
+18ηΣ13 + 45ηΣ14 + 45ηΣ15 + 48ηΣ16 + 48ηΣ17
= 9 + 306ηUS (B2)
Fields E6 G3C3L3RD(Fields at MU ) G3C2L1Y (Fields at MI)
Fermion 27F
L(1, 3, 3)
QL(3, 3, 1)
QR(3, 1, 3)
QL(3, 2,
1
6
),uR(3, 1,− 23 ),dR(3, 1, 13 )
lL(1, 2,− 12 ), eR(1, 1, 1)
DL(3, 1,− 13 ), DR(3, 1, 13 )
ψL(1, 2,− 12 ), ψR(1, 2, 12 )
SL(1, 1, 0), νR(1, 1, 0)
Scalar 27H
φ1(1, 3, 3)
φ2(3, 3, 1), φ3(3, 1, 3)
φ(1, 2,− 1
2
)
φ11(1, 1, 0), φ12(1, 2,− 12 ), φ13(1, 2, 12 )
φ14(1, 1, 1), φ15(1, 1, 0)
Scalar 650H
Σ0(1, 1, 1),Σ1(1, 8, 8)
Σ2(1, 1, 1),Σ3(1, 8, 1),Σ4(1, 1, 8),Σ5(8, 1, 1)
Σ6(3, 3, 3),Σ7(3, 3, 3),Σ8(3, 3, 3)
Σ9(3, 3, 3),Σ10(3, 6, 3),Σ11(3, 3, 6)
Σ12(3, 6, 3),Σ13(3, 3, 6),Σ14(6, 3, 3)
Σ15(6, 3, 3),Σ16(8, 1, 8),Σ17(8, 8, 1)
Gauge Boson 78V
(1, 1, 8),(1, 8, 1),(8, 1, 1)
V1(3, 3, 3), V2(3, 3, 3)
(8, 1, 0),(1, 3, 0),(1, 1, 0)
(1, 1, 0), (1, 2, 1
2
), (1, 2,− 1
2
)
(1, 1, 1), (1, 1, 0), (1, 1, 0)
(1, 1,−1), (1, 1, 1), (1, 1,−1), (1, 1, 0)
TABLE V: The superheavy scalars, fermions and gauge bosons at different symmetry breaking scales arising from E6 repre-
sentations 27F , 27H , 650H , 78V . The superheavy fields denoted in normal text transforming under trinification symmetry are
presented in third column while for SM symmetry in fourth column. Here the light fields (scalars, fermions and gauge bosons)
denoted in bold face in third and fourth column are not contributing to one loop threshold effects but take part in the RG
evolution of gauge couplings.
λU3L = 9 + 3ηφ2 + 6ηΣ3 + 9ηΣ6
+9ηΣ7 + 9ηΣ8 + 9ηΣ9 + 45ηΣ10 + 18ηΣ11 + 45ηΣ12
+18ηΣ13 + 18ηΣ14 + 18ηΣ15 + 48ηΣ17
= 9 + 255ηUS (B3)
λU3R = 9 + 3ηφ3 + 6ηΣ4 + 9ηΣ6
+9ηΣ7 + 9ηΣ8 + 9ηΣ9 + 18ηΣ10 + 45ηΣ11 + 18ηΣ12
+45ηΣ13 + 18ηΣ14 + 18ηΣ15 + 48ηΣ16
= 9 + 255ηUS (B4)
where ηUS = ln
MUS
MU
.
If we include the one-loop threshold corrections λIi ’s (i =
3C, 2L, 1Y ) at the intermediate mass scale MI , the RGE re-
lations, given in eqn.(A2), are modified to,
α−13C (MZ) = α
−1
G +
b3C
2π
ln
(
MI
MZ
)
+
b′3C
2π
ln
(
MU
MI
)
−λ
I
3C
12π
− λ
U
3C
12π
(B5)
α−12L (MZ) = α
−1
G +
b2L
2π
ln
(
MI
MZ
)
+
b′3L
2π
ln
(
MU
MI
)
−λ
I
2L
12π
− λ
U
3L
12π
(B6)
9α−1Y (MZ) = α
−1
G +
bY
2π
ln
(
MI
MZ
)
+
1
5
b′3L +
4
5
b′3R
2π
ln
(
MU
MI
)
− λ
I
Y
12π
−
(
1
5
λU3L +
4
5
λU3R
12π
)
(B7)
Here, the individual one loop threshold contributions λIi
are given by,
λI3C = 4ηDL + 4ηDR
λI2L = 1 + ηφ12 + ηφ13 + 4ηψL + 4ηψR
λIY = 3 +
3
5
ηφ12 +
3
5
ηφ13 +
6
5
ηφ14 +
8
5
ηDL +
8
5
ηDR
+
12
5
ηψL +
12
5
ηψR (B8)
where we use Table(V) for various term stated above. If we
assume that the superheavy particles (fermions and scalars)
take degenerate mass MIF and M
I
S respectively, the (B8) re-
duces to
λI3C = 8η
I
F , λ
I
2L = 1 + 2η
I
S + 8η
I
F ,
λIY = 3 +
12
5
ηIS + 8η
I
F (B9)
where ηIS = ln
MIS
MI
and ηIF = ln
MIF
MI
are defined around the
intermediate mass scale MI . Now we obtain the analytical
expression for the modified threshold parameters Jλ and Kλ
as in eqns.(11) and (15),
Jλ =
1
6
[(
5λIY + 3λ
I
2L − 8λI3C
)
+
(
4λU3L + 4λ
U
3R − 8λU3C
)]
Kλ =
1
6
[(
5λIY − 5λI2L
)
+
(
4λU3R − 4λU3L
)]
(B10)
Considering the threshold contributions atMU ((B2)-(B4))
andMI ((B9)) and following the standard procedure, we have
the threshold uncertainties,
∆ sin2 θW =
5αem
96π
[
λIY − λI2L
]
=
αem
48π
[
5 + ηIS
]
(B11)
∆ln
(
MI
MZ
)
=
5
218
[
λIY − λI2L
]
=
1
109
[
5 + ηIS
]
(B12)
∆ln
(
MU
MZ
)
=
1
5559
[
70λIY + 39λ
I
2L − 109λI3C + 109λU3R − 109λU3C
]
=
1
1853
[
83 + 82ηIS − 1853ηUS
]
(B13)
∆α−1G =
1
22236π
[
1210λIY − 120λI2L + 763λI3C + 1090λU3R + 763λU3C
]
=
1
22236π
[
20187 + 2664ηIS + 14824η
I
F + 511428η
U
S
]
(B14)
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